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Abstract-In this paper, we derive some existence results of variational inequalities for nonlinear 
operators in a real reflexive Banach space. Some applications to the nonlinear complementarity 
problem, operator equation problems and tied point theory are considered. 
1. INTRODUCTION 
Let B be a real Banach space, B’ be its topological conjugate space and (u, V) be the paring 
between u E B and v E B’. Let K be a nonempty closed convex subset of B, T an operator from 
K into B* and f a real-valued function on K. In this paper, we shall investigate the problem of 
finding x E K such that 
(u-z,Tz)>f(z)-f(u), for all u E K. (1) 
If f is identically zero on I<, then problem (1) reduces to the classical variational inequality 
which has been extensively studied both in finite and infinite dimensional spaces. See, e.g., [l-8]. 
Problem (1) also provides a unified formulation for operator equation problems (When f E 0 and 
I< = B.) and variational problems on convex sets (When T E 0.). 
The purpose of this paper is to derive some existence results of problem (1) for nonmonotone 
operators. We note that some existence results of problem (1) have been obtained by Browder [9] 
and Mosco [lo] where K = B, f a function from B into (-oo,+oo] and T is assumed to be 
monotone. In Section 2, we state and prove the main result of this paper. In Section 3, we 
give some applications of the main result to the nonlinear complementarity problem, operator 
equation problems and fixed point theory. 
2. THE MAIN RESULT 
Let f be a real-valued function on Ii. The function f is said to be convex if for any pair of 
distinct points x, y E K and for each 0 < X < 1, the following inequality is true: 
f (Xx + (I - A) Y) I x f (z) + (I - A) f (Y). 
THEOREM 2.1. Let B be a real reflexive Banach space, K a closed convex subset of B containing 
0, T : K + B* and f a real-valued function on K. Suppose that the following conditions are 
satisfied: 
(i) if {x,} converges to z weakly, then 
‘,‘r;lp$Y, TX,) I 
(ii) the function I H (e, TX) is sequentially 
(iii) f is convex and lower semicontinuous, 
(iv) ,,=,, -YE, =.K iv = +co. 
(Y, TX), YEB, 
weakly lower semicontinuous on K, 
‘This work was partially supported by the National Science Council Grant NSC 81-0415-EllO-020. 
Typeset by A,+-‘I)$ 
81 
82 J.-C. YAO 
Then for each x* E B* there exists z E K such that 
(u - x,Tx -x*) L f(x) -f(u), forall UEK. 
PROOF. Without loss of generality, we may assume that f(0) = 0. Let E = B x R. Then 
E” = B’ x R. The pairing between elements of E and E’ is also denoted by (a, e). That is, for 
[x,T] E E and [x*,r*] E E*, 
([x,r],[z*,r*])=(z,z*)+rr*. 
Let A = {[x, r] E K x R : f(z) < r}. Then A is convex and closed by condition (iii). For each 
positive integer n, let K,, = {[z,r] E A : /~[z,T][[ < n}. Then K,, is weakly compact and convex 
for all n. Finally, let 571 : A + E’ be defined as Tl[z,r] = [Tz, 0] for each [z,r] E A. 
Let z* = [2*, -11. It can be checked that Tl + z* satisfies conditions (i) and (ii), respectively. 
Then for each n by [ll, Theorem], there exists [zn, rn] E K,, such that 
([g,r]-[x,,r,], G[G,~,J-z*)>O, for all [E, r] E K,, 
from which it follows that 
(x-xZn,Txn-x*)~rn-r, for all [x, r] E K,. (2) 
Since 0 E K, for all n, we have from (2) that 
(x,,Txn) + f(~> 5 (x:,Txn)+ r, 
L (%, 8’) 
5 ll%lll ll~*IlE** 
Therefore, in view of (iv), the sequence {xcn} must be bounded. Without loss of generality, we 
may assume that {x,} converges weakly to some z E K. For any u E K let m be such that 
[u,f(u)] E K,. By (2), we have 
(U- Gl,T% - 2*) 2 f(G) - f(u), for all n > m. (3) 
We note that since f is convex and lower semicontinuous it is also weakly lower semicontinuous. 
Thus by (i), (ii) and (3), we have 
f(x) + (21, x*) + (x,Tx) I (u, x*) + lii?f f (xn) + t;liPL (298, T&l) 
r~~~~f((“,x*)+p(“~)+(x”,Txn)) 
~~~~~(f(u)+(x,,~*)+(u,Tln)) 
5 f(u) + (x,x*) + (u, TX). 
Consequently, (u - z, TX - x*) 1 f(x) - f(u), for all u E I<, and the result follows. 
Recall that an operator T from K into B‘ is said to be completely continuous if it maps every 
weakly convergent sequences into strongly convergent sequences. The following result is a direct 
consequence of Theorem 2.1. 
COROLLARY 2.2. Let B be a real reflexive Banach space, K a closed convex subset of B con- 
taining 0, T : K -+ B’ and f a real-valued function on K. Suppose that the following conditions 
are satisfied: 
(i) T is completely continuous, 
(ii) f is convex and lower semicontinuous, 
(iii) ,,=,, _lz rEK I_ = +oo. 
Then for each k* E B* there exists x E K such that 
(u-z,Tz-x*)Zf(x)-f(u), for aJJ u E K. 
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3. APPLICATIONS 
A nonempty subset K of B is said to be a cone if X 2 E K, for all 2 E K, and all )r 2 0. Let 
K be a closed convex cone in B with polar cone I?, that is, 
K”={v~B*:(u,v)>O, for all z E K}. 
The nonlinear complemen2arity problem is to find x E K such that 
TX E -I(“, (z,Tz) = 0. 
The nonlinear complementarity problem has been found very useful in several problems such as 
mathematical programming, free boundary value problems, game theory, mechanics and economic 
equilibrium problems. We refer readers to [12,13] and the references therein. 
THEOREM 3.1. Let B be a real reffexive Banach space, K a closed convex cone of B, T : K -+ B*. 
Suppose that the following conditions are satisfied: 
(i) if (2,) converges to z weakly, then 
h$y, TX,) 5 (Y,Tx), Y E B, 
(ii) the function x I-+ (2, Tz) is sequentially weakly lower semicontinuous on K, 
(iii) lim X,TX %-I+ 1141~+~, ZEK = 
= +cw. 
Then for each x* E B’ there exists x E K such that 
TX - I* E -K’, (z,Tx - x*) = 0. 
PROOF. By Theorem 2.1, there exists x E I< such that (u-x, TX-X’) 2 0, for all u E K. Since 
K is a closed convex cone, the result then follows from [13, Lemma 3.11. 
We next consider second application of Theorem 2.1 to the surjectivity of an operator from B 
into B’. 
THEOREM 3.2. Let B be a real reflexive Banach space and let T be an operator from B into B’ 
satisfying conditions (i) and (ii) of Theorem 2.1, Suppose that lim 
ll4l--+~ 
q = +oo. Then T is 
surjective, i.e., TB = B’. 
PROOF. Let f z 0. Then all the hypotheses of Theorem 2.1 are satisfied. Therefore, for any 
x* E B”, there exists x E B such that (u-z, TX-X’) 1 0, for all u E B. Consequently, TX = x* 
from which the result follows. 
Let I< be a nonempty subset of a real Hilbert space with inner product (e, e). Let T be an 
operator from K into itself. Recall that a point x E K is a fixed point of T if TX = 2. 
THEOREM 3.3. Let K be a nonempty closed convexsubset of a real Hilbert space H containing 0. 
Suppose that T : K -+ K satisfies the following conditions: 
(i) the function x H (y, TX) is sequentially weakly lower semicontinuous on K for each fixed 
Y E H, 
(ii) the function x H (2, TX) is sequentially weakly upper semicontinuous on K, 
(iii) lim Z,TX 5-l+ ll4l-*+00# ZEK = 
= +co. 
Then T has a fixed point in K. 
PROOF. Let f I 0 and let S be an operator on Ii defined as Sx = x - TX. Then it can be 
checked that S satisfies all the conditions in Theorem 2.1. Therefore, by Theorem 2.1, there exists 
z E I< such that (u - x, Sx) 1 0 for all u E K. Letting u = TX, it follows that \Ix - Z’xll 5 0. 
Consequently, TX = x from which the result follows. 
COROLLARY 3.4. Let K be a nonempty weakly compact convex subset of a real Eilbert space 
H containing 0. Suppose that T : K -+ K satisfies conditions (i) and (ii) of Theorem 3.3. Then 
T has a fixed point in K. 
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